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ABSTRACT: We study the discrete light cone quantization of Kerr-AdS,,3 black holes with
a plane wave boundary. The resulting backgrounds are conjectured to be dual of non-
relativist conformal quantum mechanical theories in d spatial dimensions at finite temper-
ature and finite chemical potential. This includes the discrete light cone quantization of
Kerr-AdS, and Kerr-AdSg black holes. These are conjectured to be dual of non-relativistic
conformal quantum mechanical theories in one and three spatial dimensions, respectively,
which are defined on plane wave backgrounds. We also consider the case of the BTZ black
hole. We calculate thermodynamic properties of these systems by using the gravity dual
models. We discuss the embedding of these backgrounds in string theory and M-theory.
We give general formulas for the discrete light cone quantization of Kerr-AdS black holes
in higher dimensions and their thermodynamic properties.
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1. Introduction

In the last few years the AdS/CFT correspondence [[]-[] has been applied to modeling the
dynamics of strongly coupled field theories which describe diverse physical systems in a very
broad context. For instance, it has been used to model properties of the strongly coupled
dynamics of quark-gluon plasmas, including transport properties. Also it has become a
worth tool to explore the strongly coupled dynamics of certain condense matter systems.

The AdS/CFT correspondence provides a dictionary to map relativistic quantum field
theories to the corresponding string theory or gravity dual systems. Starting from a rel-
ativistic quantum mechanical theory and considering its discrete light cone quantization
(DLCQ), a non-relativistic quantum mechanical theory is obtained. If the generators of
the conformal group are included, the resulting theory will become a non-relativistic con-
formal quantum mechanical (NRCQM) relative, which will have the symmetry generated
by the Schrodinger group. Very recently, NRCQM theories obtained by performing DLCQ
of certain field theories as well as their dual gravity backgrounds have been studied [[ -]
In these references string theory solutions with non-relativistic conformal symmetry have
also been considered.

The interest in the investigation of gravity solutions with non-relativistic conformal
symmetry has recently grown, motivated by the expectation that they would be the dual
description of conformal quantum mechanical systems, focussed upon applications to cer-
tain condense matter problems [[J-Bg. If the NRCQM theory admits a gravity dual de-
scription, it would be expected that the DLCQ of a certain string theory or M-theory



background will be its gravity dual. The examples worked out in [{] include the cases of
metrics which asymptotically approach AdS spaces in five and seven dimensions. They are
conjectured to be dual of NRCQM theories in two and four spatial dimensions, respectively.
So, it is very interesting to extend the analysis to backgrounds whose asymptotic limits are
AdS spaces in diverse dimensions, including those which should render dual NRCQM theo-
ries in one and three spatial dimensions. Hence, in this paper we consider such extensions,
based upon the proposal of reference [fI]. Also we calculate thermodynamic properties of
the gravity dual systems in d+ 3 dimensions which should be the corresponding thermody-
namic quantities in the dual NRCQM theories in d spatial dimensions at finite temperature
and finite chemical potential. Although we have not obtained the explicit uplifting of these
geometries, neither do we know whether they effectively can be lifted to ten or eleven di-
mension, we discuss about the string theory and M-theory embedding of the geometries
which correspond to their asymptotic limits, i.e. AdSs and AdSg spaces, with the aim that
it can be useful for further investigations.

We are particularly interested in the DLCQ of conformal quantum field theories with
plane wave boundary conditions and their gravity dual description. These NRCQM theories
are defined on plane wave backgrounds in diverse dimensions. We know that the plane wave
metric is conformal to flat space. The boundary plane wave structure can be explicitly
shown by slicing the AdS metric, so for instance one can start from R x S and take the
Penrose limit for a particle moving with large angular momentum along certain angular
direction on the sphere. Let us start from the d 4+ 3 dimensional AdS spacetime metric in
global coordinates

dsi g = —(1+7r?)dt* + dr? + 1% (d6? + cos? 0 dp® + sin? 0 dQ3%_,), (1.1)

(1+472)
where d)3_; measures lengths on S4~ ! in S%+1. So, the boundary of this metric is R x §4+1.
Now, we can take the Penrose limit by doing a scaling of the coordinates as follows

X

+:t e
" 2R2?

—t— g, 9:%, r =R, (1.2)

and then taking the limit R — oo, while keeping 2*,§ and p fixed, the metric becomes

di?

ds? = —(dz")? + 3% (=dat da™ — p* (da)? + dp? + 52 d%_)) + 7

pp—wave

(1.3)

After a further change of coordinates it can be brought into a form where the slicing
becomes explicit.

Now, if we consider the periodic identification of the coordinate x~ ~ x~ 4 27r~ the
metric ([.J) has a null direction, so we cannot trust it. In order to overcome this issue
we can inject N units of momentum along the x~ direction. This prevents the circle to
collapse, so that we can trust the metric for gauge/gravity duality purposes. Also we want
to consider systems at finite temperature. We can do it by introducing a black hole which
asymptotically approaches the metric ([L.3). Specifically we can begin with a Kerr-AdSgy3
black hole, and take the same limit as above.



Concerning the field theory side, the DLCQ of a general field theory on a plane wave
background leads to a quantum mechanical system with particles in a harmonic oscillator
potential, so that the Hamiltonian of the system reads
pe = ()2 (14)
b+ = (—4p_) p-)Zg- :
The isometries of the plane wave are reflected on the field theory. In addition, if the field
theory is conformal, the non-relativistic theory will also be conformal. Let us consider this
in more detail. To begin with, it is convenient to introduce the Schrodinger group. The
Schrédinger algebra results from the extension of the Galilean algebra to the non-relativistic
conformal group. The Galilean algebra in d spatial dimensions has the Hamiltonian H,
momenta F;, rotation generators M;;, Galilean boosts K; and the mass operator M as gen-
erators, which satisfy certain commutation relations. It can be embedded in the Poincaré
algebra in d + 1 spatial dimensions and one time dimension, which has the momenta and
rotation generators P; and Mij, respectively, and their well-known commutation relations.
Now, by identifying M = —f’_, H = —p+, P, = Isi, M;; = Mij and K; = M_Z-, where
the indices + and — denote light cone coordinates z+ = 2% + 2%+, the embedding of the
Galilean algebra into the Poincaré algebra is explicitly done. If the dilatation generator D
is added to the Galilean algebra there appears a number of commutation relations with a
constant known as the dynamical exponent. There is a special case when the dynamical
exponent takes value 2 where the algebra admits another extension, by adding the special
conformal transformations generator C. This leads to the Schrodinger algebra. In addi-
tion, H, D and C generate a SL(2,R) subgroup. These generators can be combined to
give the raising/lowering operators Ly = %(H — C FiD) and the oscillator Hamiltonian
Hoe = Lo = %(H + C) BY]. This is the Hamiltonian of the NRCQM theory on the plane
wave background.

Also, since there should be a certain string theory or M-theory description of the
gravity dual system, one would expect the isometries of the internal manifold to play some
role in the description of the symmetries of the NRCQM theory. As mentioned, if one
starts from a relativistic field theory which has a gravity dual description it is expected
that, after the DLCQ is done on both sides, the non-relativistic quantum mechanical theory
will also have a dual gravity description. The DLCQ limit of the gravity dual is given by
the identification of = in the bulk. However, as we mentioned this identification must
be done avoiding the size of circle to vanish. This is achieved by injecting a large amount
of momentum N ~ —p_r~ along x~. This determines the region of parameters of the
quantum mechanical theory that should be tractable in terms of its gravity dual.

The paper is organized as follows. In section 2 we review some of the results of [{f] which
are relevant to our calculations and studies. In section 3 we calculate the DLCQ of the
single parameter Kerr-AdS, black hole spacetime metric, also carrying out the calculation
of thermodynamic properties. Section 4 is devoted to general higher dimensional single
parameter Kerr-AdS;y3 black hole metrics and their dual field theories. After a brief
general discussion for even and odd dimensional cases, we specialize the calculations to
the single parameter Kerr-AdSg and the single parameter Kerr-AdS7 black hole spacetime



metrics. Additional general formulas are introduced in the appendix. Section 5 deals
with the DLCQ of an alternative BTZ metric. Also we discuss the embedding of the
DLCQ of the Kerr-AdS spaces in string theory and M-theory backgrounds. We explicitly
calculate the expressions of thermodynamic properties of the dual NRCQM theories at finite
temperature and finite chemical potential on plane wave backgrounds of diverse dimensions.
On the other hand, we have not worked out the dual NRCQM theories explicitly, this is
a very interesting and difficult problem to deal with. In section 6 we discuss the results
and conclusions.

2. A review of Kerr-AdS; black holes and their DLCQ

We begin with a brief review of a case studied by MMT. Consider the one-parameter five-
dimensional Kerr-AdS black hole metric written in the form given by Gibbons et al [i(]

A a 2 p?
2 By a9 2,22 2
dss = _p2 (dt = cos Hdd)) + Ardr + r“sin” Ody
2 2 2 2 2
p° o  Agcos”l r°+a
L -/ - — 2.1
+A9d9 + 2 <adt = qu) , (2.1)

where we have used the following definitions

A= (P +d®)(1+7%) —2m, Ag=1—a’sin’6,

=1-a?, p? =1+ a*sin? 0. (2.2)

[1]

Using the notation given in the introduction for this case we have d = 2. This metric was
first derived by Hawking et al [l]. One sets their parameter [ = 1 and shifts § — 7/2 — 6.
It is an Einstein metric satisfying R,, = —4g,,. Using the notation of Gibbons et al, the
outer event horizon is located at the largest positive root r = ri of A, = 0. Its area is
A =272(r% + a®)r; /2. The surface gravity & is given by

1 1 1
k=r 1+ ——+—5 ) - —. 2.3
+( +) <ri+a2 Ti) Ty (23)
The Hawking temperature is
1 K
7" 2 (2.4)
The angular velocity relative to a non-rotating frame at infinity is
a(l+1r?
Q= (27;) : (2.5)
T_;,. +a

The action related to the five-dimensional Kerr-AdS black hole system above was obtained
by Hawking et al and it reads

il

—
4.—
=

I5 — (2 +a?)r?|. (2.6)



The expressions for the energy and angular momentum are given by [E0]

am(3 — a?) j_ __mma (27)

p=Te-a)
4(1—a2)?”’ 2(1 —a2)?’

where factors R44g, and G}E’V have been dropped. J is the angular momentum Jy. For this
configuration there is no angular momentum along . The first law of thermodynamics
reads as 0F = T 65 + Q §.J, which by using the above equations for T, 2 and J, is an
exact differential provided that the entropy is

§=7. (2.8)

Thus, it can be integrated resulting the above expression for F, with the condition that
E =0 for m = 0 for pure AdS5 space.

The metric of eq. (£])) is asymptotically AdSs, however in these coordinates it is
a rotating Einstein universe. In order to get the R x S® boundary we have to change
coordinates as [[]]

(1 —a*)r%cos?0 = (r® + a®)cos?0, #?sin®0 = r?sin®0, ¢ = ¢ +at, (2.9)
then the metric (B.1) gets the asymptotic form [{]

di2 = —(1+72)dt® + di? + 7%(d6? + cos® §d¢? + sin? Odip?)

1 +’f'2 — Qm/Aé
2m

72(1 — a? sin® éz)s

(dt — acos?0d¢?)? + - - . (2.10)

Now, we carry out the DLCQ of the metric of eq. (B.1)). We use the following scaling

t=a", (2.11)
1 +
o= 4 <_x— i “"7) , (2.12)
1

where )\ is a parameter which takes into account the amount of momentum injected in the
compact direction. We should keep in mind that we consider the limit for R — oo that
leads to a — 1. Thus

1
. o 2 2_ . — 2 . E: . 2: 2 . 2 .
Rll_rgoAr—(r +1)* —2m, Rh—Iger cos” 0, Rh_rgo 3% Rh_r)lgop r +sn;1 9)
2.14

In this limit the metric (R.1) becomes

2 2
ds%_DLCQ = ( (r” +sin”6) dr® — (1 +7?sin?0)(dz™)? — AN(1 + ) cos® O da ™ dz™ +

r24+1)2 —2m
(r? +sin? 0)
cos2 6

(=2dz* + (dzt — Adx™) cos? 6)?

d02 2 .; 26d 2
+r°sin® 0dy® +m 2% 1 sin20)

,(2.15)



which was obtained by MMT.
The Hamiltonian H and N are calculated as follows

r

1 _
H——PJF—2R2 (E—J)—Zmﬂr A, (2.16)
_ S G —\2 42
N=-P r = (2R2)2J—§mﬂ'(r )E A%, (2.17)

These expressions have been obtained in the ¢ — 1 limit. Using the condition of vanishing
A, (ry) =0 at ro, it leads to m = (r2 + a*)(r2 + 1)/2. Therefore, the expressions (-19)
and (2.17) are the ones of MMT. In this limit the temperature, the chemical potential and
the entropy of the system are respectively

T+
T=— 2.1
e (215)
1 (ri-1)
= 2.19
P (r2+1)’ (2.19)
S=taar (1402 2.20
=47 re(14+r3)r. (2.20)
In addition, the five-dimensional action in this limit becomes
2R2)\(1 — 4
= TR (2.21)

8T+

which vanishes for ry = 1. We can also explicitly check that the first law of thermodynamics
§H = T6S — udN is satisfied using the expressions (R.16)—(R.20). Also MMT have obtained
the radius of the circle along £~ at the horizon in units of the Planck length, which is
given by

(ri +1) cos?6

R;hysical =r" A AdSs - (222)
24/72 + sin? 6
This radius shrinks at § = 7/2 at any value of r.
Now, if one changes coordinates as
=2 +1)cos?, p?y? =r?sin?6, (2.23)

it can be shown that the metric (R.15) becomes [
2m A2\ ! dy?
~2 . 2 + - 2 +32 2 2 2
mA((1+ 22p?)dx + Ndz~)?

_ +32 .
(dz™)" + y? 2(1 + Ap?)3 T

(2.24)

which has a similar asymptotic structure as the metric (.J). The dots indicate terms of
order y~*, as well as deformations of the plane wave boundary metric like +[1/(y*p%) +
3/(y?p*)+3/p?]) dp?, and deformations arising from the last term of the metric (R.15) which
are proportional to m. Thus, the region where the size of the circle shrinks corresponds
to the limit y — 0 and p — oco. However, there are no large contributions to the above



described thermodynamic properties from this region. In this way we assume that this
region of the metric can be ignored. The explicit NRCQM theory dual to this system is
not known, but it is defined in 2 spatial dimensions at finite temperature and finite chemical
potential.

In what follows we extend this analysis to Kerr-AdS black hole backgrounds of diverse
number of dimensions. All the backgrounds considered in the following sections correspond
to AdSg.3 spaces with a plane wave boundary.

3. DLCQ of the Kerr-AdS, black hole

Let us consider now the case when d = 1. The NRCQM theory is defined on one spatial
dimension. The Kerr-AdS, black hole metric was obtained by Carter [iJ). We use the
notation of Gibbons et al, [i0], however we take I = 1 and change # — 7/2 — #. Thus

—A—; <dt — %0052 9d¢)2—|—

ds? =
o

2 2 A 2 2 2 2
L g2y P gy B0 s 0 (adt— rta d¢> . (3.1)

A, Ay 2

where we have used the following definitions

Ay = (rP+a®)(1+71?) —2mr, Ag=1-a’sin*0,

E=1-ad2, p° =r?+a’sin’0. (3.2)
In this case R, = —3g,,,. The outer horizon is located at the largest positive root r = r
of A, = 0. The area of the event horizon is A = 47 (r? + a?)/Z. The surface gravity & is
given by
(14 a® + 37‘3_ — a2r;2)
K=Tr4 5 (3.3)
2(ry +a?)
The Hawking temperature is
1 K
T=_=_" 3.4
5 2 (3.4)
The angular velocity relative to a non-rotating frame at infinity is
a(l+1r?
- lErs) (35)
T+ +a

The action related to the four-dimensional Kerr-AdS black hole is given by

2 | 2\2(,.2
-1
I = —— 77(1+—|—a)(r+2 ) ' (3.6)
E@Bri + (1 +a?)ri —a?)

The energy and angular momentum are [[i0]

m ma

E=_—"" J=—"__ 3.7

(1—a2)2’ (1—a2)? (3.7)

With these expressions for FE, T, 2 and J it is straightforward to verify that the first law
of thermodynamics §E =T §S + Q §J is satisfied, provided that the entropy is S = %.



Since we are interested in the discrete light cone quantization of the Kerr-AdS, black
hole background, the idea is to perform a scaling on the metric (B.I]) and on the ther-
modynamic properties as well, in order to be able to obtain explicit expressions for the
Hamiltonian, the particle number, entropy, chemical potential and temperature of the dual
non-relativistic conformal quantum mechanical theory. The scaling is the same as in the
previous case, given by eqgs. (R.11))-(R.13). As in the five-dimensional case \ is a parameter
which takes into account the amount of momentum injected in the compact direction x~.
We consider the limit for R — oo so that a — 1. Thus, we have the following expressions
for the limits

. 9 2 . _ ) . == . 2 _ 2 ) .
I%EI;OAT—(T +1)° —2mr, ngnooAg cos” 0, ngnoo 3% Rh_lgop r —i—sm(@)
3.8

In this limit the metric eq. (B.1) becomes
(r? +sin? 9)
r2+1)2 —2mr
(r? +sin? 9)

dsZ_DLCQ = ( dr® — (1 +r?sin?0)(dz™)? — M1 + r?) cos® O da™ da™

(=2dxt + (dzt — Adx ™) cos? 0)?

do? 3.9
cos2 0 tmr 2(r? + sin2 0) (3.9)
Now, we calculate the Hamiltonian H and N and obtain
He—Pi= L (E—J)=Lmr 2 (3.10)
- T oRe T4 ’ '
_ o (r)? 1 —\2 12
N=—-P_r (2R2)2J:Zm(r )E AT, (3.11)

These expressions have been obtained in the a — 1 limit. m is set using the condition of
vanishing A, (r;) = 0 at the outer black hole horizon, which leads to m = (r? + a?)(r1 +
1)/(2r4). In this limit the temperature, the chemical potential and the entropy of the

system are respectively

32 —1
T="2 12
dmry (3.12)
1 (r2—1)
= — - 3.13
P2+ (3:13)
1
SZEWA(1+ri)r_. (3.14)

We have explicitly checked that the first law of thermodynamics 6H = T 65 — p 0N is
satisfied using the expressions (B.1()—(B.14). The radius of the circle along =~ at the
horizon in units of the Planck length is

(r2 +1) cos®6

AdSy -
24 /7‘3_ + sin% 6

This radius shrinks at § = 7/2 at any value of r. However, the same discussion as in the

R =r- A

physical —

(3.15)

Kerr-AdSs case applies. Therefore, there are no large contributions to the above described



thermodynamic properties from this region of the metric, so that we assume that this
region of the metric can be ignored.
Also, in the limit above the four dimensional action (B.4) becomes

7(r2 +1)2(r2 — 1)R2\
(3rd +2r2 — 1)
In addition, if one changes coordinates as eq. (R.23) the metric (B.9) reads as
-1
432 B 2m N3/2 dy?
Si-preg = | 1 — (1 —|—>\p2)3/2 3 ?
mAY2 (14 20p?)dzt + Adz™)?
y 2(1 + Ap2)5/2 !

which has an asymptotic form similar to the metric ([.) with d = 1. In this case dots
4

Iy =

(3.16)

+ 92 (—det dz™ — p* (dzt)? + dp?)

—(dz*)* + (3.17)

indicate terms of order y~*, and deformations of the plane wave boundary metric propor-
tional to dp?, and other deformations which come from the last term of the metric (B.9),
and are proportional to m. We would expect the Hamiltonian of the NRCQM theory to
be of the form Hys in one spatial dimension. There should be two parameters in this
theory. One should be N, corresponding to the number of non-relativistic particles moving
along x~, and if the background uplifts to eleven dimensional supergravity, there should
be a second parameter counting the number of M2-branes whose backreaction induces the
eleven dimensional spacetime.

On the other hand, the M-theory maximally supersymmetric embedding of AdS, is
AdS, x S7. This configuration is the near horizon limit of a large number of M2-branes, the
isometries of this metric are SO(2,3) and SO(8), and it preserves 16 supercharges. Using
the radial coordinate U = r/a/, where o/ = [2, it is possible to find a region where it is the
dual gravity description of a supersymmetric Yang Mills theory in the large N, limit. This
region is for U < g%,M, where gy is the coupling of the gauge theory. This supergravity
description corresponds to a conformal field theory with SO(8) R-symmetry [, f3]. The
isometries of the metric become symmetries in the field theory, and they should also be
somehow reflected in the DLCQ version of it. In general, the uplifting of AdS, to eleven
dimensional supergravity can have different seven dimensional manifolds. For instance it is
possible to obtain AdSy x 57 (squashed seven-sphere), also there can be AdS, x Q41! and
AdS, x N%10 solutions of eleven dimensional supergravity. Their 241 dimensional dual
SYM theories (at zero temperature and zero chemical potential) preserve N' =1, N’ = 2,
N = 3 supersymmetries, respectively (see [[i4] and references therein). The isometries of
ST, QUL and NO1LO are SO(5) x SO(3), SU(2)? x U(1) and SU(3) x SU(2), respectively,
and they should be reflected in the dual NRCQM theories at finite temperature and finite
chemical potential after the DLCQ is performed, starting from a black hole instead of the
AdS space. If one considers a finite temperature version of the theory, a possibility is
that at low temperature the system should be described by a thermal AdS, times some
seven dimensional manifold, and as temperature increases the system should undergo a
Hawking-Page type of phase transition leading to the Kerr-AdS, black hole embedded in
eleven dimensions.



For example, at zero temperature and zero chemical potential the CF'T which is dual
to the background AdS, x Qb1 corresponds to the theory on M2-branes on the tip of a
cone on the seven-dimensional manifold [E§—FJ. The moduli space of vacua of this SYM
theory is isomorphic to Q%!. The theory has a Coulomb branch described by fields in the
vector multiplet and a Higgs branch described by fields in chiral multiplets. The theory
whose Higgs branch is dual to the conifold above has the following field content. There are
fundamental fields which are doublets with respect to the flavour group SU(2)3: A;, B;,
C; with i = 1, 2, i.e., under the flavour group the fields transform as A; = (2,1,1), B; =
(1,2,1), C; = (1,1,2). The gauge symmetry is SU(N,) x SU(N;) x SU(N,.), with elementary
degrees of freedom transforming in the fundamental and anti-fundamental representations
of the SU(N,) groups: A; = (N, N.,1), B; = (1, N., N;), C; = (N, 1,N,). These fields
have conformal weight ¢ = 1/3, hence one can construct gauge invariant operators of
the form X%* = A’BIC* out of them. These eight operators are singlets under the
global symmetries and have conformal weight equal to one. On the other hand, very
recently Franco, Hanany, Park and Rodriguez-Gémez have investigated M2-brane theories
for generic toric singularities and studied the conifold over Q! [F3]. Their proposal is a
theory of the type worked out by Aharony, Bergman, Jafferis and Maldacena [54]. In 53,
the moduli space has been explicitly calculated, also the symmetries have been studied
and it has been shown that the theory is connected with other theories through RG flows
suggested by crystal models.!

In the case of the AdSy x N0 space, the dual CFT has gauge group SU(N..) x SU(N,)
and a flavor group SU(3). There will be two hypermultiplets, u1, ug and v1, v9 transforming
in the (3, N,, N.) and (3, N., N.) representations and two chiral multiplets, Y1), Y(2) in the
adjoint representation of SU(N.). There is a superpotential of the form

Vi~ gi Tr(Yeyt-v) + a; Tr(YpY)) (3.18)

where g; are the gauge couplings of each SU(N,) group and «; are the Chern Simons coeffi-
cients. Other properties of this theory, including the KK spectrum of the compactifications,
as well as different checks of the duality have been studied in [B5, b6

In addition, one can consider for instance the maximally supersymmetric plane wave
background of eleven-dimensional supergravity, which can be obtained as a Penrose limit
of AdS7 x §* or AdSy x S7 [F9). Berenstein, Maldacena, and Nastase (BMN) [p0] proposed
a supersymmetric matrix model describing the discrete light cone quantization of M-theory
in this background. The corresponding Hamiltonian can be thought of as a massive defor-
mation of the BFSS matrix model [F1] H = Ho+ H,, where Hy is the BFSS Hamiltonian
describing DLCQ of M-theory in eleven flat dimensions, while H,, is the massive deforma-
tion. Motl, Neitzke and Sheikh-Jabbari [pJ] carried out a suitable projection in the BMN
matrix model, and they added extra fermionic degrees of freedom (0-8 strings). These
fermionic degrees of freedom are introduced to account for the coupling of the DO-branes
to the gauge theory on the boundary. Also it can be though of as they are necessary
to cancel the anomaly in the open membrane worldvolume theory [(J]. The result is a

1We thank Sebastidn Franco for calling our attention about the work of reference [@]
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DLCQ description of M-theory on the orbifolded plane wave which is the Penrose limit of
AdS7 X 54/22 and AdS4/Z2 X 57.

4. DLCQ of higher dimensional Kerr-AdS black holes

We consider the single parameter Kerr-AdS black hole metrics in d+ 3 dimensions obtained
by Hawking, Hunter and Taylor-Robinson [{]. As for the case of the stationary asymptot-
ically flat solutions of Myers and Perry [Eg], the single rotation parameter Kerr-AdS black
hole in higher dimensions of Hawking et al follows from the four dimensional system. We
use d to denote the number of spatial dimensions of the dual NRCQM theory. Again, we
use the notation given in [[I]], however we take [ = 1 and change 6 — m/2 — . Thus

A, 9 2 2 A 2 2 2 2
dsiiy = = (dt - %0082 9d<;5> + z—dr2 + £—6d92 + %Se (adt . 4:—(1 d¢>

+r2sin? 0dQ3_, (4.1)
where we have used the definitions

A, = (2 +a®)(1+7r?) = 2mr2?, Ag=1—a%sin0,

=1-ad?, P> =12 +a%sin?6.

<

(1]

Now, we perform the DLCQ of the metric of eq. ([..]). First we use the scaling of eqgs. (R.17))-
2.13). We therefore have the parameter A as in the previous cases. The limit R — oo is
equivalent to a — 1. We also consider the limits of the following expressions

Rli_{r;OAr = (r’+1)2—2mr?~?, Rh—]?;er = cos? 0, ngréoE: T Rli_r)rclmp2 :T2+Sin?9.)
4.2

In this limit the metric eq. ([.1) becomes

(r? +sin? 9)

ds?l+3_DLCQ = CES T dr® — (1 4+ r?sin?0)(dz™)? — A1 4 %) cos® O da™ da™

(r? 4+ sin? 9) 40 + 2 (—2dzt + (dzt — Adz ™) cos? 6)?
cos? 0 2(r2 +sin? 9)
+r?sin? 0d03_ . (4.3)

The expressions for the energy, angular momentum, angular velocity, temperature and
entropy are given in the appendix. Now, we consider the particular cases of Kerr-AdSg
and Kerr-AdS7 black holes, and perform their discrete light cone quantization. General
expressions for the Hamiltonian, the chemical potential, the temperature and the entropy of
Kerr-AdS, 3 black holes for odd and even dimensions are described in the appendix. Also
in the appendix we write down the general expression to display the asymptotic structure
of the AdS-plane wave metric arising from eq. ([£3).
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4.1 DLCQ of Kerr-AdSg black hole

The case when d = 3 is particularly interesting because it is relevant for NRCQM theories
defined in 3 spatial dimensions at finite temperature and finite chemical potential. The
area of the event horizon is A = 87%r%(r2 + a?)/(3E). The surface gravity & is given by
1 1 1—r?
K=r.(1 + 7"2 ——— + 5 | — + . 4.4
+( +) <(7‘3_ + a?) 7“_2|_> 2y (44)

The Hawking temperature, T', has the same definition as in the preceding sections. The

angular velocity relative to a non-rotating frame at infinity is

a(l+r2)
O=——71-. (4.5)
T_;,. +a
The energy and angular momentum are [[i(]
2mm 1 2mma
E= 1 J=——-. 4.6
31— a2) ((1 ey > ’ 31— a2)? (4.6)

The angular momentum corresponds to the direction ¢. Rotations in other planes are not
considered since the only non-vanishing parameter associated to rotations is a, and we set
to zero any other rotation parameter.

The entropy is S = %, so that with the expressions above for the energy, temperature,
angular momentum and angular velocity, the first law of thermodynamics 6E = T 05 +
Q 4J is an exact differential. After we perform the DLCQ of the metric of eq. (f.1]) we get
eq. ([£3), and particularly in the present case for d + 3 = 6 the metric becomes

d s%_ pLCQ = M

(r2 +1)2 — 2Tm

(r? + sin? 9)

dr® — (14 r*sin?0)(dz™)? — X1 + 7%) cos® O dat da™

m (—2dxt + (dzt — Mdz~) cos? 0)?

do* + —
cos? 6 r 2(r2 + sin? 9)
472 sin® 0d03 . (4.7)
Now, we calculate the Hamiltonian H and number of particles NV, obtaining
T 1 _
()2 1 —\2 12
N=—-P_r :(2R2)2J:67Tm(T )E A% (4.9)

These expressions have been obtained in the a — 1 limit. The parameter m is set using
the condition of vanishing A,(r;) = 0 at the outer horizon. This leads to m = (r1 +
a?)(r? +1)r4 /2. In this limit the temperature, the chemical potential and the entropy of
the system are

5r2 +1
T="=2 4.10
drry (4.10)
1 (r2—-1)
= = 4.11
F=0=3 (r2+1)’ (4.11)
1
S = §w2Ari(1+ri)r_, (4.12)
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respectively. We have explicitly checked that the first law of thermodynamics dH =T 65—
p 8N is satisfied using the expressions ([L.§)-({.19). The radius of the circle along x~ at
the horizon in units of the Planck length is

(r +1) cos?6
- RAng .
24/7% + sin? 0

This radius shrinks at § = 7/2 at any value of r. However, the same discussion as in
the Kerr-AdS,; and Kerr-AdSs black hole systems applies. Therefore, we conclude that
there are no large contributions to the above described thermodynamic properties from

Rphysical =r A

(4.13)

this region of the metric, so that we assume that this region of the metric can be ignored.
Also it is possible to obtain an explicit plane wave form which asymptotes the metric ([.3).
The resulting metric is given by setting d = 3 in the metric (A.25) given in the appendix.

In the present case, asymptotically the Kerr-AdS black hole metric is AdSg. The AdSg
space can be uplifted to a ten dimensional solution of massive type IIA supergravity. In
this case the internal manifold is a four-sphere. Indeed, the ten dimensional uplifting is
not a direct product but a fibration of the form AdSg®S*, which turns out to be a solution
of Romans’ massive type ITA supergravity [64]. It has the SO(2,5) x SO(4) isometry
groups. This solution was obtained by Brandhuber and Oz [6J] and it corresponds to the
near horizon limit of the D4-D8-brane system with N, D4-branes and 16 D8-branes. This
supergravity solution is dual to the large N, limit of a family of five dimensional conformal
field theories known as Seiberg fixed points which have a parameter N; related to a global
symmetry En, 1. More specifically, the solution describes the dynamics of a large number
of D4-branes parallel to D8-branes located at the orbifold fixed planes.

It is very interesting to understand how this configuration arises in string theory. Let
us consider N, coincident D5-branes in type I string theory on the R? x S* background. The
D5-branes are wrapping the circle. If one does a T-duality on the circle, the configuration
results in type I’ theory compactified on the interval S'/Zy with two orientifolds (O8 planes)
located at the fixed points. The D5-branes become D4-branes and there are 16 D8-branes
located at points on the interval. They cancel the -16 units of D8-brane charge carried
by the two O8 planes, and the dynamics in the region between D8-branes is described by
Romans’ massive type IIA supergravity [B6, 7).

If we consider just one D4-brane worldvolume, the theory preserves N/ = 2 supersym-
metries in five dimensions. Depending on Ny the global symmetry groups are En, 1, with
FEs, Er, Eg, E5 = Spin(l()), B, = SU(5), By = SU(?)) X SU(2), By, = SU(2) X U(l) and
E; =SU(2) 68, B9. We can also comment on the field content of the gauge theory. The
vector multiplet in five dimensions has one real scalar component, a vector gauge field and
a spinor, while the hypermultiplet has four real scalars and a fermion. This theory has a
Coulomb branch when the real scalar has a VEV, and a Higgs branch when the scalar in
the hypermultiplet is excited. The hypermultiplet in the antisymmetric representation is
massless. In addition, the mass of the fundamental hypermultiplets is given by the rela-
tive position of the D8-branes with respect to the D4-brane. Now, if we place N, parallel
D4-branes on top of each other the gauge group is Sp(/N.) with one vector multiplet and
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hypermultiplets. The scalar component of the vector multiplet describes the Coulomb
branch R™ of the gauge theory, and the first components of the hypermultiplets describe
the Higgs branch. The global symmetries in the field theory are generated by the action of
the SU(2)r x SU(2) x SO(2Ny) x U(1) groups and also by the conformal group SO(2,5).
The first SU(2) group corresponds to the R-symmetry, the supercharges and the scalars in
the hypermultiplets are doublets under the action of this group. The second SU(2) group
is associated with the hypermultiplet in the antisymmetric representation and the rest is
associated with the hypermultiplets in the fundamental representation and instantons. If
the D4-brane is in the origin of the Coulomb branch we have a fixed point on the gauge
theory side, i.e. a CFT, and the global symmetry is enhanced to SU(2) x En,41. If we
had just one D5-brane in the initial type I string theory the dual gravity system would be
represented by Ny D8-branes located on a O8 plane, (16 - Ny) D8-branes in another fixed
plane, and a D4-brane which can move between them. The position of the D4-brane is
parameterized by the scalar in the vector multiplet. If the VEV of this scalar vanishes, this
means that the D4-brane is on the O8 plane, which leads to a gauge theory with SU(2)
R-symmetry group, and the theory has N; quarks. On the other hand, we can also give
a non-zero VEV for the scalar in the vector multiplet leading to a theory with a U(1)
symmetry with Ny ”electrons”.

The ten dimensional metric is [B]

3 1/ 94U
ds? = (EC@ — Ny)sin a> <N;1/2U2da;§ + N(}/?W + Ncl/deZ> . (4.14)

where C' is an arbitrary parameter of the solution [67], and
d03 = da® + cos® a dQ3, (4.15)

while the dilaton is

[

3 —5/6
e® = NV4C (EC@ — Ny)sin a) . (4.16)

So we see explicitly a fibration of AdSg over S*. This is the most general form of a metric
that has the isometry of an AdSg space. The space has a boundary at o = 0 which
corresponds to the location of the O8 plane. The boundary is of the form AdSg x S°.
In addition to the SO(2,5) AdSg isometries, the ten dimensional space has also SO(4)
isometries associated with the spherical part of the metric above. In general S* has the
SO(5) isometry group. However, this is reduced due to the warped product structure which
leads to the isometry generated by the SO(4) group.

If one considers the description at the boundary o = 0, the dilaton blows up and type
I’ theory becomes strongly coupled. In the weakly coupled dual heterotic string descrip-
tion this is seen as an enhancement of the gauge symmetry to En,11. One can see this
enhancement of the gauge symmetry in the type I’ description by analyzing the D0-brane
dynamics near the orientifold plane [f(-[73]. This means that we have EN,+1 vector fields
that propagate on the AdSg x S® boundary, as in the Horava-Witten picture [fJ]. Also
the scalar curvature of the background blows up at the boundary. In the dual heterotic
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description the dilaton is small but the curvature is large. For large N, there is a re-

3/ 10, where both curvature and dilaton are small and thus we can trust

gion, sina > N,
supergravity.

Other supergravity solutions with AdS spaces of lower dimensions were constructed
in [[4). These solutions are dual to twisted field theories which are the worldvolume theories
of D4-branes wrapped on 2 and 3-cycles, as well as NS-fivebranes wrapped on 2-cycles. All
of these examples, including the AdSg case, turn out to be spontaneous compactifications
of massive type IIA supergravity to Romans’ F'(4) gauged supergravity [[f3].

It is interesting to mention that Lowe, Nastase and Ramgoolam [[7§] proposed a Matrix
theory approach to Romans’ massive type IIA supergravity. They applied the procedure
of Matrix theory compactifications to the proposal of the massive type IIA string theory
as M-theory on a twisted torus developed by Hull [[7]. They obtained a Matrix theory
which is a supersymmetric Yang Mills theory on a large number of D3-branes with a space
dependent non-commutativity parameter. They showed that energies of a class of physical
excitations of the supersymmetric Yang Mills theory have the correct symmetry expected
from massive type IIA string theory in a light cone quantization.

Although we are not able to give a precise definition of the NRCQM theory in 3 spatial
dimensions the physics described in the paragraphs above should provide some hints. As
we have described, the NRCQM theory should be defined on a plane wave background.
The properties given by eqs. (.§) to (.1]) calculated in the gravity dual system are the
predictions for the corresponding thermodynamical quantities in the quantum mechanical
theory in three spatial dimensions. Its Hamiltonian should be the harmonic oscillator
Hamiltonian described in the introduction for d = 3. We can also mention what happens
if the other two rotation parameters in the general metric of Gibbons et al [IJ] take non-
vanishing finite values. In that case, they would be associated with the angular momentum
corresponding to rotations in two perpendicular planes of the three dimensional space. In
this case the Hamiltonian should describe the motion of a non-relativistic particle in the
transverse space in the presence of a magnetic field.

4.2 DLCQ of Kerr-AdS; black hole

For d = 4, this black hole reduces to the seven dimensional case studied by MMT. The
eleven dimensional asymptotic metric is AdS7x.S%. For completeness we very briefly discuss
this case below.

The area of the event horizon is A = 7373 (r2 + a?)/Z. The surface gravity x is
given by

1 2 1
K=r 1—1—7"2 __|__ _—. 417
+ +)<(7‘3_—|—a2) 7“_2|_> Ty (4.17)

The Hawking temperature has been defined in the previous sections. The angular velocity
relative to a non-rotating frame at infinity is

_a(l+r3)

Q= ——"7- 4.18
T (4.18)
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The energy and angular momentum are [[i(]

2 2

Tm L 1 mT“ma
E:4(1—a2)<(1—a2)+2_§>’ sz. (4.19)

The first law of thermodynamics reads as 0F = T'05 + Q29J, which by using the above
equations for T', Q2 and J, is an exact differential provided that the entropy is

A
=, 4.2
S§=1 (4.20)

After we perform the DLCQ of the metric of eq. (f.1]) we get eq. (.J) ford +3 =7

ds%_DLCQ = %dﬁ — (14 r%sin?0)(dz™)? — A1 + %) cos? O dzt dx™
(r? +sin? 9) g2 (=2dxt + (dzt — Adx ™) cos? 0)?
cos? 72 2(r2 + sin? 9)
+r2sin? 0dO3 . (4.21)

Now, we calculate the Hamiltonian H and N and obtain

- 1
H:—P+:2T—R2(E—J):gw2ri(ri—|—1)2r_/\, (4.22)
() I 9 9,09 2 (1—\2 12
N=-P_r :(2R2)2J:§ﬂ' ri(rl 1) (rm)7 A, (4.23)

These expressions have been obtained in the @ — 1 limit. m has been set using the condition
of vanishing A, (r;) = 0 at the outer horizon leading to m = (r2 +a?)(r2 +1)r2 /2. In this
limit the temperature, the chemical potential and the entropy of the system are respectively

po dratl (4.24)
27TT+
1 (r1-1)
=+ 4.25
rmA (2 4+1)7 (4.25)
1
S = gw?’mi(lwi)r—. (4.26)

We have explicitly checked that the first law of thermodynamics 6H = T 65 — p 0N is
satisfied using the expressions ({.22)—(4.2(). The radius of the circle along x~ at the
horizon in units of the Planck length is

(r2 +1) cos®6

AdS7 -
24/ (r? + sin?6)

This radius shrinks at 6 = 7/2 at any value of r. However, the same discussion as in

R rT A

(4.27)

physical =

the previous cases applies, so that there are no large contributions to the thermodynamic
properties from this region of the metric. Thus it is possible to assume that this region
of the metric can be ignored. In this case the four dimensional NRCQM theory has been
extensively discussed in [
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5. DLCQ of the BTZ black hole

This case is interesting also because it corresponds to d = 0. We consider an alternative
metric for the BTZ black hole given by Hawking et al [[]

A, a 2 2 1 r? 4+ a? 2
dsoy, = - <dt — Edqa) - Edr2 + 5 <adt - —= d¢> , (5.1)
where we have used the definition
A, = (r* +a®) (A + %) — 2mr?. (5.2)

Now, we carry out the DLCQ of the metric of eq. (F.1)). First we use the scaling given
by egs. (R.11)-(R-13) so that again we keep ) as a parameter which takes into account the
amount of momentum injected in the compact direction. We consider the limit for R — oo
that leads to a — 1. We take the limit on these expressions

1
. .2 2 2 3 = —
RIT;OAT_(T + 1) — 2mr®, él_rgou—m. (5.3)

In this limit the metric eq. (p.1) becomes

r2dr?
r2 +1)2 — 2mr?

dszBTZ_DLCQ = ( (de )2 = XA +7r?) det da™ + %(d:ﬁ' +Xdz7)?. (5.4)
The BTZ black hole can be embedded in string theory. There are black string backgrounds
characterized by DI1-brane and D5-brane charges ()1 and @5, respectively, and by the
momentum density, which are solutions of type IIB string theory on K3. Also, one can
consider the case T%. These objects have a dual description as a ¢ = 6Q1Q5 conformal
field theory whose target space is the symmetric product of Q1Qs copies of K3 [[§]. The
near-horizon geometry of the spacetime solutions is AdSz x S% x K3 (or 7%). One can
perform a compactification of the black string on a circle. This yields a five dimensional
black hole. This corresponds to the compactification of AdS3 on a circle S [[9]. In the
very-near horizon limit the metric reduces to the one of AdSs [B(]. Strominger has shown
that the dual representation of the very-near horizon string theory is a DLCQ conformal
field theory, which suggests a connection with the matrix model [F1], BI]. More recently
Guica, Hartman, Song and Strominger conjectured that extreme Kerr black holes are
holographically dual to a chiral two-dimensional conformal field theory and they obtained
its central charge [B9].

6. Discussion and conclusions

We have considered the DLCQ of Kerr-AdS black holes of general dimension d + 3, which
have d + 2 spatial dimensions and one time dimension. All these backgrounds asymptot-
ically lead to AdS4.3 spaces with a plane wave boundary. They correspond to NRCQM
theories in d spatial dimensions on plane wave backgrounds, at finite temperature and finite
chemical potential.
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When one starts from an AdS;, 3 spacetime the dual field theory is a d + 2 relativistic
field theory which has d + 2 dimensional Poincaré symmetry, i.e. d + 1 spatial dimensions
and one time dimension. From this metric it is possible to obtain a plane wave structure
at the boundary. One can get it after its Penrose limit is taken. So, the resulting dual
field theory is defined on a plane wave background. We can heat the theory up leading to
a thermal AdS, however this background does not admit a discrete light cone quantization
because in that case it would have a null direction. Thus, the point is that one has to
solve the singularity in the metric. In general there are a few ways to do it, for example
sometimes there are certain fields to play with in the gravity background so that by turning
them on in a suitable configuration it is possible to make the background regular, in order
to be able to carry out the AdS/CFT correspondence analysis. Another way to get a
regular background is to consider a system with a certain amount of angular momentum.
This is the procedure carried out here along the lines proposed in []. Thus, the choice
of Kerr-AdSg3 black hole metrics is very suitable for this purpose since it does both jobs
simultaneously, i.e. includes a non-vanishing angular momentum and sets the system at
finite temperature. On this new metric the DLCQ programme can be carried out, leading
to a metric which also goes asymptotically to a plane wave at the boundary. The initial
Poincaré symmetry becomes a d dimensional Galilean symmetry plus the generators of
the dilatations and the special conformal transformations, D and C, respectively, leading
to the Schrodinger group. This tells us that the dual theory should be a non-relativistic
conformal quantum mechanical theory.

If these gravity solutions admitted an uplifting to string theory or M-theory, the DLCQ
of the Kerr-AdS , 3 black hole metric would become embedded in string theory or M-theory.
The internal manifold used for the uplifting would have isometries which should be reflected
as certain symmetries of the NRCQM theory. In this respect we have discussed very
briefly the already known uplifting of AdS4 spacetime to eleven dimensional supergravity
configurations such as AdS, x S7, AdS, x S7, AdS, x QY11 and AdS, x N%1O. Also we
have considered the uplifting of AdSg spacetime to massive type IIA supergravity leading to
AdSg® S*. They correspond to the large N, limit of supersymmetric Yang Mills theories in
241 and 4+ 1 dimensions, at zero temperature and zero chemical potential. This perhaps
might give some clues to find out the NRCQM theories after the DLCQ has been carried
out, possibly along the lines of [52] and [[fq].

Another interesting point is the study of possible phase transitions in these systems. It
is possible to compare the free energies of the DLCQ of the Kerr-AdS,3 black hole metrics
with the corresponding ones of the thermal AdS;.3 spaces and see that a Hawking-Page
type of phase transition occurs for ry = 1 in all the cases above. This gives a transition
temperature T, which depends upon the dimensionality of the system under study. For
temperatures lower than T, the thermal AdS is the stable phase while for temperatures
higher than T, the DLCQ of the Kerr-AdS black hole dominates. The thermal AdS metric

can only be trustable if ™~ is taken to be non-compact. Thus, for the systems above a
d
ﬂ.

Since we have explicitly calculated thermodynamical properties of the Kerr-AdSgy3

phase transition similar to the Hawking-Page one should take place at T, =

black hole backgrounds, by the means of the gauge/gravity duality, we conjecture that
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these are predictions for the corresponding thermodynamical properties of their dual non-
relativistic conformal quantum mechanical theories. We have not studied the specific form
of the NRCQM theories which are dual to the backgrounds described above. However,
we think that the examples studied here offer the interesting possibility of approaching
the description of certain strongly coupled systems in one and three spatial dimensions at
finite temperature and finite chemical potential which enjoy symmetries generated by the
Schrodinger group.
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A. DLCQ of higher dimensional Kerr-AdS black holes

In this appendix we introduce a number of equations for higher dimensional Kerr-AdS
black holes. We split it in even and odd dimensional cases. We have taken the expressions
for k, the entropy, the energy and the angular momentum from reference [J], and then
we have calculated the corresponding expressions for H, the number of particles and the
chemical potential.

DLCQ of Kerr-AdSg44+3 black holes with d 4+ 3 odd. Let us start with the case of
dimension odd. The surface gravity is given by

a+2
/{:r+(1—|—ri)< ! +(J£2 1)>—i. (A1)

(7‘_2|r + a?) ri ri

The area of the event horizon is
2 2
e +a d+2)—3
A= Aip (i +a) — )ri” : (A.2)

where Ag11 is the volume of the d + 1-sphere

o (d+2)/2

Aip1 = =————5 - A3
The Hawking temperature is
1 K
T==-=—. A4
7 o (A.4)
The angular velocity relative to a non-rotating frame at infinity is
1 2
0= % . (A.5)
T_;,. +a
The energy and angular momentum are
mAd+1 1 (d + 2) 1 maAd+1
_ _1-= J=——"T A6
(1 — ) <(1 2 T 3) ma—ap (A0
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where m = (14 r2)(a® + ri)rjl__2 /2. The first law of thermodynamics reads as JE =

T6S + Q6J, which by using the above equations for T, Q and J, is an exact differential

provided that the entropy is

A
S=7. (A7)

Now, we consider the DLCQ limit using the scaling described in above and calculate the
Hamiltonian H and N

H—_P _L(E_J)_M (A.8)
T T T aR? C8T[(d+2)/2] '
Ne p o P mrPr)a (A.9)

(2R?)2°  8I[(d+2)/2]

These expressions have been obtained in the a — 1 limit. m is set using the condition
of vanishing A,(ry) = 0 at the outer black hole horizon leading to m = (1 + r?)(a® +
ri)ri‘2 /2. In this limit the temperature, the chemical potential and the entropy of the
system are respectively

(d+2)ri +d—2

T — py , (A.10)
1 (r2-1)
=7 - A1l
r=A (r_%_ +1)’ ( )
o T 2 N
AT[(d 4+ 2) /2]

We have explicitly checked that the first law of thermodynamics 6H = T 65 — pu 0N is
satisfied using the expressions (A.§)—(A.I). The radius of the circle along =~ at the
horizon in units of the Planck length

(r +1) cos?6
————— Rads,.-
24/72 + sin? 6

This radius shrinks at § = 7/2 at any value of r. However, the same discussion as in the

R rTA (A.13)

physical =

previous cases applies. Therefore, there are not large contributions to the above described
thermodynamic properties from this region of the metric, so that we assume that this
region of the metric can be ignored.

DLCQ of Kerr-AdS443 black holes with d + 3 even. Now, let us consider the case
of dimension even. The surface gravity is given by?

1 (—(d'gl) — 1)) 1— ri

+
(r} +a?) r2 2ry

k=ry(l+7r1) < (A.14)

ZNotice that this expression differs by a sign with respect eq. (4.7) of Gibbons et al. We have checked
that with this sign it reproduces the expressions for d + 3 = 4 and also that in this form the first law of
thermodynamics is satisfied.
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The area of the event horizon is

2 2
A= Ad+1 (T—I— l‘ a )r—(ifl-l-l)—Z , (A15)
where Ag11 is the volume of the d + 1-sphere
27T(d+2)/2
Aip1 = =—5——5 - A.16
The Hawking temperature is
1 K
T=_=_". A.17
5 o (A.17)
The angular velocity relative to a non-rotating frame at infinity is
1 2
SIZE%ilg. (A.18)
ri+a
The energy and angular momentum are
m.Ad+1 1 (d + 1) maAd+1
_ -1 =" Al
(1l — @) <(1—a2) T S a9

where m = (1 + r2)(a® + ri)r‘j__z /2. The first law of thermodynamics reads as JE =
T 0S5 4 Q 6J, which by using the above equations for T', 2 and J, is an exact differential
provided that the entropy is S = %
Now, we consider the DLCQ limit using the scaling described in above and calculate
the Hamiltonian H and N
rT dmm®2p=\
— (EF-J)= ———— A.20
2R? ( ) 8T[(d+2)/2] ’ ( )
—\2 d/2(n—)212
Ne—pop = ) ) A
(2R?)? 8T'((d + 2)/2]

H:—P+:

(A.21)

These expressions have been obtained in the a — 1 limit. m is set using the condition
of vanishing A,(ry) = 0 at the outer black hole horizon leading to m = (1 + r?)(a® +
ri)ri‘2 /2. In this limit the temperature, the chemical potential and the entropy of the
system are respectively

(d+2)r2 +d—2

T= e, , (A.22)
1 (r2-1)

_ A2
H=0=3 (ri+1)’ (A-23)
g T ) (A0

AT[(d 4+ 2) /2]

We have explicitly checked that the first law of thermodynamics dH = T 65 — pu dN
is satisfied using the expressions (|A.20)—(|A.24)). The radius of the circle along =~ at the
horizon in units of the Planck length has the same expression as in the odd dimensional case.
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Asymptotic form of the DLCQ of Kerr-AdS black hole in arbitrary dimensions.
Applying the coordinate transformation (.23) to the metric([f.3) it can be recast as follows

om \(d+2)/2 > -1 dy?

53,3 preg = [ 1- N(d12)/2  ,d+2 3
(L4 Ap2)lta/z ydt Y

—I—y2< —dzt dz™ — p? (dz™)? + dp® + p* dQé_l)

m A2 (1 + 22p?)dat + Adz™)?
yd 2(1 + )\p2)(d+4)/2 + ’

—(dz™)? + (A.25)
where - - - indicates subleading terms, including deformations of the plane wave boundary
metric proportional to dp?, and other deformations which come from the term of the

metric (.J) which is proportional to m. The asymptotic behavior of this metric is similar
to the metric ([.3).
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